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Abstract 

By scaling arguments we show that the presence of a i? 4 -term in the eleven dimen- 
sional supergravity effective lagrangian, if it is visible in (M)atrix theory, should 
produce a correction to the five-loop effective lagrangian of two moving DO-branes. 



PACS: 11. -w 

Keywords: Matrix theory, supergravity, i? 4 -coupling 



-1- 



There is no doubt that during last year there has been an increasing interest about the 
conjecture of Banks, Fischler, Shenker and Susskind (BFSS) [|IJ. They basically consider 
a non-perturbative formulation of M-theory in a fixed kinematical regime as given by the 
effective Super Yang-Mills U(N) quantum mechanics @ governing the IR dynamics of a 
system of iV DO-branes. More precisely the original prescription stated that the DO-brane 
two- derivative lagrangian, parametrized by the string coupling constant gs and the string 
length lg, is a non-perturbative description of M-theory compactified on a spatial circle of 
radius R and Planck length lp with the identifications 

R = 9sh, lp = gl /3 ls (1) 

This correspondence is realized in the infinite momentum frame where for any state with 
positive momentum P along R, 

N 

P = — _> oo, N -> oo (2) 
R 

Later on, Susskind || realized that Matrix Theory (MT) is meaningful even for N finite, if 
we consider it as M-theory on a light-like circle. In this way, he showed that MT at finite 
N is just the so-called Discrete Light Cone Quantization of M-theory. Up to now a lot of 
tests have been performed to the BFSS conjecture ||, ^ some of them performed at 
finite N [^], [5[ [TD[ , using Susskind's prescription. For the simplest case of compactifications 
on a circle, all of them showed an agreement between the MT and the Sugra computation 
of same physical processes 0. The case of compactified MT, and in particular to non-trivial 
spaces, is more involved and present some problems ||12|| . 

Very recently Seiberg (see also [Q) gave a prescription that helps to clarify the range of 



validity of MT and gives new evidence to the point of view of . In few words, he derived 



■""We cite here only those works that provided evidence of MT through some explicit scattering compu- 
tations. See [JtJ and references therein for a recent and wider perspective of MT. 

2 Note, however, that very recently a discrepancy for multigraviton scattering [fill appeared. 
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Susskind's conjecture, relating M-theory compactified on a light-like circle to another M- 
theory on a spatial circle. More precisely, his prescription implies that any amplitude 
Aoo(gs, Is) computed starting from the DO-brane lagrangian is related to the corresponding 
amplitude Am(Ip,R) of the M-theory on the spatial circle of radius R and Planck length 
lp in the following limits: 

lim A D o(gsJs) = lim A M (R,lp) (3) 

gs,is-*o R,ip^o 

with Is g^ 1 ^ = fixed, lp R^ 1 = fixed 

where N is again related to the momentum P as P = N/R. First of all, note that there is 
not anymore any iV-limit in the correspondence, that is then valid for any (positive) value 
of N. The important point is that the limit on the left side of eq.(|3|) defines precisely the 
perturbative regime of MT, on the contrary of the original proposal, where an extrapolation 
at strong coupling of amplitudes was needed. 

Despite its success, MT has not been up to now a source of predictions; it has been used 
instead to find in new ways results already known in string or field theory. MT, however, 
is supposed to be a non-perturbative formulation of M-theory and then, by definition, a 
microscopic theory underlying eleven dimensional supergravity. In this respect, it should 
remove the bad UV-divergences that plague 11D Sugra, in much the same way string 
theory does. MT should be able, for instance, to fix the coefficient (otherwise divergent) 
multiplying (one of) the i? 4 -term appearing in the 11D Sugra action |16[ ; even if this 
finite coefficient can be fixed by requiring consistency with string theory, an explicit MT 
result should be seen as an alternative and more direct procedure and, at the same time, 
as a strong check to the validity of the theory itself. 

Aim of this note is then to show that, if this term is in anyway visible in MT, it should 
appear as a correction to the effective lagrangian of two moving DO-branes induced by a 
non-planar diagram at five loops. 

We will see, moreover, that according to the correspondence @, the iV-finite MT before 
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the gs, Is ~ * limits, can be seen as a "regularized version" of eleven dimensional super- 
gravity (compactified on a circle); in this way, among the infinite series of terms appearing 
at any loop I in MT for the potential between two DO-branes, all the terms proportional 
to v n , with n > 21 + 2, are simply an effect of the regularization and, after an appropriate 
rescaling, vanish in the limit (|3]). In this perspective, on the other hand the "would-be" 
5- loop term, responsible in MT of the i? 4 -coupling, diverges in the limit (|3|), reproducing 
the UV-divergence occuring in Sugra for this term. 

Let us then consider the effective lagrangian for two DO-branes moving with relative 
velocity v and separation r; by dimensional analysis it is straightforward to see that at loop 
I, their effective lagrangian can be written as fll7| : 



2 \ n , 1 >. / 

v z \ / 1 x 



£ (0 = 9if l Ec„^(^ (£) I-*-' CO 



?1=0 

where the powers of Is are fixed requiring to have the dimension of a (length) -1 and 
we omitted the iV-dependence that will be discussed later. It is known that at 1-loop, 
~ t> 4 /r 7 (Cqi = 0), whereas the two-loop effective lagrangian starts as t> 6 /r 14 11 



(C02 = C\2 = 0). It has been conjectured by [|K| that at I loop order, C\ 



01 



Cj-i.i = 0, in order to reproduce classical long-distance supergravity potentials. We will 
see that from the supergravity point of view this assertion is consistent, provided that we 
neglect higher derivative operators in the low-energy effective actionP]. Consider indeed the 
interaction of two massless particles (in 11D), considered as external sources, with gravity. 
The corresponding action is simply 0: 

S = -^Jd n x^g-R + Jd u x^g, u T^ (5) 

where it is understood that one direction (the 11 th ) is compactified on a circle of radius 

3 This observation has been also independently done in a recent paper | fl8| . 
4 For what follows we will need simply the Einstein term of the Sugra action. 
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Rn, the gravitational constant k\ x = 167r 5 /p || and 

i 



T „ (x)= ^^(x^-^rw) (6) 

8=1,2 



We choose 



x?(t) = (*, |*'|' ' -,0,«iit) (7) 
a#(t) = (t,_|t,_|,0,...,0,t;iit) 

with v << Vn ~ 1, with the corresponding momenta Pf (P 11 = N/Ru). According 
to eq.(|3|), it is meaningful to consider a loopwise expansion, with k\ x as Planck constant. 
Expand then eq.(|5|) around the flat metric g^ u = rj^ + knh^ and take the graviton 
propagator in the De Donder gauge: 

A^' pa (x -y) = (rf p T] vc + n^ri vp - -rTif) / — =— (8) 

V y > W ' 11 9 ' ' J 2nR n J (2vr) 10 q 2 V ; 

where we have fixed qn = 0. It is then an easy exercise, using eqs.(j|), (0) and (§), to 
obtain the familiar leading v 4 /(b 2 + v 2 t 2 ) 7 / 2 dependence of the potential between the two 
sources: a simple algebra shows that the tensorial structure of eqs.(|6|) and (0) imply that 
each source carries effectively a power of Pn • v 2 , whereas the graviton propagator gives 
a factor ~ 1/P n r 7 ; these are of course the leading terms in an expansion in v << 1. 
Changing to the string units gs,ls, we have exactly the same scaling provided by eq.([|). 
Note, however, that if we rescale both amplitudes and then take the limit (^), all the terms 
C n x,n > 1 in eq.(|]) vanish, as previously mentioned. 

In this kind of expansion in fen, all higher order corrections scale necessarily like (kf^)" 1 ~ 
Zp m , with m an integer. This condition is indeed satisfied by eq.@, provided I = n. For 
instance, the next to leading correction to the potential is given by contracting three source 
terms with the term trilinear in h^, coming from the expansion of the scalar curvature R. 
Even if the full contribution is rather involved, it is easily seen that the end result goes as 
f 6 /r 14 . The next order, coming from the four-graviton term in R, scales like 

;27 ,8p4 

Vn ~ ^ (9) 
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where the 9-dimensional integration over the position of the interaction vertex cancels a 
contribution of one of the four propagators and the two derivatives of the vertex itself, 
leading then to eq.(9). In MT this correction should be visible as the three-loop effect 
I = n = 3 in eq. . It is clear that these terms correspond to the classical expansion of the 
potential found in || with a source-probe analysis. It has been conjectured by [|15|] that the 
11D Sugra action should contain a i? 4 -term, that is needed to reproduce some perturbative 
and non-perturbative terms in IIA,B string theory. For M-theory compactified on a circle 
Ru, the analysis of |15 shows the presence of two contributions for R 4 : 



S ^ = ^kj dl ° x vWs R 4 + 2 C(3)|r) (io) 



up to an overall factor, where the tensorial structure tstgR 4 is explicitly given in [ |19|j . 
For the purpose of the present analysis, we will not need the detailed form of this term; 
from the Sugra point of view, these couplings arise as counterterms coming from a one- 
loop four graviton scattering. The first term in eq. (|i~0f) is actually UV-divergent and its 
finite coefficient is fixed by consistency with IIA,B string theory and T-duality, whereas 
the second one is completely finite |TJ|. We will see that the second term in eq. (|T0D is not 
visible in our MT computation (it does not match with our scaling arguments); we will 
focus our attention in the following on the first term only. 



The presence of the R -coupling (10) to the effective Sugra action produces a sub- leading 
correction to the effective potential of the sources; in particular its linear structure contains 
a four-graviton term that induces a correction proportional to v 8 /r 27 , where the additional 
six powers of r with respect to eq.([|) come from the six more derivatives contained in R 4 , 
compared to the four-graviton two-derivative term of the .R-coupling. From eq.(|]), we see 
that a term of this form in MT is possible for I = 5, n = 3 and would be an "anomaly" 
to the suggestion that Co; = ... = Ci-ij = 0; this is however expected since the correction 
(|10|) presents a fractional power of the gravitational constant k\\. We will see that this is 
consistent with our scaling arguments; the correction induced by the (first) term in eq. ([T0|) 
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1S 

V*«" = csl?£ F ^ (11) 
where cs is a numerical coefficient. The corresponding MT potential is 

V^ = c M lfg^ (12) 

Using eq. ([!]), we see that there is a complete matching between the scaling of both terms, 

v*r a _ c s 



v R 4 cm 

where we omitted the iV-dependence in both eqs.([L2]) and Ql3]), dependence that will be 
discussed in the following. The presence of a non- vanishing coefficient cm in eq.(^) would 
be a clear signal that MT is in the right way. If we normalize to a finite value in MT the 
"standard" v 2 ^ +1 - ) -term, then the limit @ gives a divergent result for V^l T , that indeed 
reproduces the UV-divergence of this term in Sugra. The gs-dependence of eq.fll^) and 
then the origin of five-loops is easily seen in string theory: it is known that a generic 
two-dimensional surface with g handles, c crosscaps and b boundaries has a string coupling 
constant dependence given by ^ 29 ~ 2+b+6 ' ) . The usual annulus computation (g — c — 0, b — 
2) gives of course g s , whereas the two and three loop MT amplitudes responsible for 
corrections of order t> 6 /r 14 , v 8 /r 21 respectively, correspond to a sphere with 3,4 punctures 
(g — c — 0, b — 3, 4)0. The _R 4 -coupling we have considered is just the term arising at one- 
loop in IIA string theory as can be easily seen using again eq. ([!]); the corresponding 
surface is then a torus with four punctures (g = l,c = 0,5 = 4) giving a g s dependence, 
coming in MT precisely at five loops. Let us consider now the iV-dependence of these 
amplitudes; the leading large iV-behaviour of eq.@ at loop / is given by N l+1 , that does 
not match at five loops with the Sugra result ~ iV 4 . This is indeed what we expect since 

we have just seen that the two-dimensional surface responsible of this interaction in string 
5 Each puncture corresponds, from the Sugra point of view, to an insertion of the source term given by 
eq.(§). 
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theory involves a genus one surface, that leads then to a non-planar diagram in the Super 
Yang-Mills quantum mechanics, and with a sub-leading N power-dependence. Since every 
boundary on the world-sheet involves a trace on the fundamental of the gauge group, each 
of them gives one power of N, that then matches precisely with the analysis above. 
A comment on the 2 nd term of eq. ([!(]) is however needed. As already mentioned, the 
correction induced by this term does not match with the MT parameters; it should be 
visible as a planar diagram at three-loops, according with the analysis above, since it arises 
at tree-level in IIA string theory; at this order, however, the only v 8 -term appearing is 
that induced by the four-graviton term of the scalar curvature R, as in eq.@. This mis- 
matching could be due to the fact that this term arises probably as a counterterm generated 
by integrating out Kaluza-Klein states with non-vanishing momentum around Rn and is 
then not visible in a MT computation where we do not allow exchange of momentum in 
the eleventh direction. 

This discussion can be also extended to more general higher derivative terms; any non- 
vanishing term in, say, the effective potential of two moving DO-branes with n < I in 
eq.(||), correspond to a counterterm of higher dimension in the Sugra action (see also Jl8 



for a similar remark). In this perspective MT could in principle predict the form of new 
couplings and the finite correct values of their coefficients, in general divergent in Sugra, 
altough they should come out from very laborious many-loops computations in the Super 
Yang-Mills quantum mechanics. 



Finally, I would like to comment on other papers [17, 2C], where it is shown that the 
presence of the R -coupling in the supergravity effective action should give corrections to 
the potential of two gravitons going like v 8 /r 18 . In |T7] it is argued that the N-dependence 
of this term is consistent with the two loop term (I — 2,n — 3) of eq.(4), whereas the 
analysis of |20] shows a disagreement in the powers of N, not reconciliable with MT^]. The 
6 Note, however, that in a recent paper [ElJ a possible explanation to the N-scaling of f2fl] is given. 
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reason of the apparent conflict between the results of |17], with those presented here 



is due to the different approaches followed. As shown before, we treat the external states 
in sugra as classical spinless sources, corresponding to the MT background of two moving 
DO-branes. The limit we consider corresponds precisely to weakly coupled IIA string theory 
in 10 dimensions with two clusters of coincident DO-branes. On the other hand refs. [T7], fJ(J 
consider the external states as pure (super-)gravitons, with definite spin. The v 8 /r 18 term 
above is indeed found by considering also graviton polarizations; this effect is then not 
visible in our approximation where the external states are spinless. On the other hand, the 



source-probe analysis of |L7|, |2(| cannot capture the term considered in this paper, being a 
non-local term in the effective action for the probeQ. 

It is not excluded, of course, the simplest possibility that cm in eq.(|T2D is zero, just 
for kinematical reasons. It has been shown in |9[], for instance, that the gravitational field 
created by a massless graviton in the light-cone frame cannot receive any correction by 
possible i? n -terms present in the lagrangian, because they are all vanishing in this frame 
|22|| . I do not exclude that this is indeed what happens; a more precise computation in 
Sugra should answer this question. 

Needless to say, it would be of the utmost importance to understand how and where to 
find in MT compactified on a circle and on a torus the results of [|T^, [TB| for R A in nine 
and eight dimensions. I believe that a clear understanding of these (and similar) higher 
derivative interactions will shed a new light on the range of validity of Matrix Theory as a 
non-perturbative formulation of M-theory. 
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